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We discuss experimental and observational constraints on certain models of higher dimensional
light Majorana neutrinos. Models with flavor blind brane-bulk couplings plus three or four fla-
vor diagonal light Majorana neutrinos on the brane, with subsequent mixing induced solely by the
Kaluza-Klein tower of states, are found to be excluded by data on the oscillations of solar, atmo-
spheric and reactor neutrinos, taken together with the WMAP upper bound on the sum of neutrino
masses. Extra dimensions, if relevant to neutrino mixing, need to discriminate between neutrino
flavors.
PACS numbers: 11.25.Mj, 14.60.Pq, 14.60.St
Do neutrinos have anything to do with large extra di-
mensions [1]? Do these extra dimensions discriminate
between neutrino flavors? These questions have engaged
the attention of many authors [2] during the last few
years. Let us consider the simple picture of a three-brane,
containing the Standard Model (SM) fields, embedded in
a higher dimensional space, known as the bulk. The ba-
sic idea then is to introduce one (or more) right chiral
neutrino(s), which are singlet(s) with respect to the SM
gauge group, in the bulk [3]. Tiny physical masses for
the active SU(2)L doublet neutrinos on the brane, that
mix among themselves as well as with sterile components,
then get induced. These are controlled by the size(s) of
the compactified extra dimension(s) and the strength(s)
of the couplings(s) between the brane and the bulk states.
The bulk states expand into a Kaluza-Klein tower of
states with a zero mode, as well as accompanying KK ex-
citations of heavier sterile neutrinos with arithmetically
progressing masses Mk = ±k/R, k=1,2,... with R being
the radius of the largest extra dimension. The leakage of
a propagating active neutrino into these sterile states has
to be kept controllably small so as not to significantly al-
ter the conventional oscillation probability formula [5] in
the standard picture of three directly mixed active neutri-
nos. An immediate concern, nonetheless, is whether this
picture is compatible with the pattern of neutrino masses
and mixing angles implied by the latest oscillation and
cosmological data. This note will address precisely this
issue, focussing on the question whether the brane-bulk
couplings are flavor blind or whether they are forced by
all the data to have significant flavor dependence.
A relevant basic issue is whether the physical massive
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neutrinos are Dirac or Majorana particles. There is a rel-
atively straightforward picture in the former case. One
combination of the bulk neutrinos now becomes the right
chiral partner of an active neutrino on the brane. To-
gether they acquire a Dirac mass mD ∼ hvMF /MPl,
where v is the electroweak vacuum expectation value
(VEV), h is a Yukawa coupling strength (controlling the
interaction between the brane and bulk states) which
is of order unity or less, MPl the reduced Planck mass
in (1+3) dimensions whereas MF is the higher dimen-
sional fundamental scale, proposedly in the multi-TeV
range. This scenario was given a thorough phenomeno-
logical examination in Ref. [6] with the conclusion that
it is consistent with all extant experimental and obser-
vational constraints, provided R−1 > 0.24 eV. However,
despite providing a natural explanation of the smallness
of neutrino masses, this approach sheds no light on the
observed pattern of neutrino mixing, nor on the hierarchy
- if any - between the neutrino masses. These supposedly
arise from the unknown structure of the Yukawa coupling
matrix h in generation space. Any observed pattern of
mixing and mass hierarchy among the neutrinos can be
accommodated by this unknown structure, with the only
constraint arising from the strict absence of neutrinoless
double β-decay. A simple generalization of this picture
with heavy right chiral Majorana neutrinos in the bulk
leads to light physical Majorana neutrinos via the seesaw
mechanism. There, one also needs to invoke (unknown)
flavor dependent brane-bulk couplings.
There are higher dimensional scenarios [7, 8, 9, 10]
with a somewhat opposite approach. These assume tiny
flavor diagonal Majorana masses for left chiral neutrinos
on the brane without explaining their smallness, but in-
voke extra dimensions to generate their mixing pattern.
Here the higher dimensional KK modes induce a seesaw
leading to light physical Majorana neutrinos with flavor
mixing. However, this mixing pattern is strongly con-
strained. Suppose [11] that (1) no flavor dependence is
assumed in the couplings between the brane and bulk
2states and (2) flavor mixing is not allowed on the brane
so that the brane Majorana neutrinos are kept flavor di-
agonal [7, 8, 9, 10]. Then, our observation is that the
Dienes-Sarcevic model [7, 12], with three flavor diagonal
neutrinos on the brane, is ruled out by the data. The
allowed parameter space actually gets quite constrained
[8] even when an arbitrary flavor dependence is included
in the brane-bulk couplings. We also find that a version
of the model, given in Ref. [9] with four flavor diago-
nal brane Majorana neutrinos and which has flavor blind
brane-bulk couplings, is excluded.
One attractive feature of the D–S model [7] is the abil-
ity to provide a theory of neutrino mixing instead of
just ascribing it to an unknown flavor dependence of the
brane-bulk couplings. The intrinsic flavor diagonal Ma-
jorana masses on the brane for the active neutrinos νf (f
=1,2,3) are taken to be mf , while the brane-bulk link-
age is characterized by a universal mass m appearing in
all brane-bulk off-diagonal elements of the full neutrino
Majorana mass matrix M. Compactification to four di-
mensions yields the zero mode as well as to a tower of
sterile neutrino KK states, as mentioned above. After
the imposition of appropriate orbifold conditions, the full
neutrino Majorana mass matrix in the D-S model reads
M =


m1 0 0 m m m m m . . .
0 m2 0 m m m m m . . .
0 0 m3 m m m m m . . .
m m m 0 0 0 0 0 . . .
m m m 0 1/R 0 0 0 . . .
m m m 0 0 −1/R 0 0 . . .
m m m 0 0 0 2/R 0 . . .
m m m 0 0 0 0 −2/R . . .
...
...
...
...
...
...
...
...
. . .


. (1)
In consequence of (1), the active neutrinos on the brane
mix both among themselves and with the sterile KK
states. Thus they undergo flavor oscillations on prop-
agation. Let U be the unitary matrix which acts on
mass eigenstate neutrino fields to yield flavor eigenstate
neutrino fields. UTMU is then diagonal. The matrix U
therefore is given by the inverse of the matrix of eigenvec-
tors ofM and is computable as such. The time-averaged
probability Pf→f ′ that |νf 〉 oscillates into |νf ′〉, with both
f and f ′ being flavor indices on the brane, is given by
[2, 5, 7]
Pf→f ′ = δff ′ − 2
N∑
i=2
i−1∑
j=1
Re[UfiU
∗
f ′iU
∗
fjUf ′j ], (2)
where (2), i and j are neutrino mass eigenstate indices.
Let us now discuss the experimental results for the
physical neutrino mass squared differences and the aver-
age neutrino oscillation probabilities. The atmospheric
neutrino data yield [13, 14]
1.3× 10−3 eV2 < ∆m2atm < 3.2× 10
−3 eV2, (3)
0.9 < sin22θatm ≤ 1. (4)
The combined solar neutrino observations plus the Kam-
LAND data imply [15, 16, 17]
6.1× 10−5 eV2 < ∆m2sol < 9.0× 10
−5 eV2, (5)
0.71 < sin22θsol < 0.91. (6)
The data [18] from the CHOOZ reactor require that [19]
sin22θ13 ≤ 0.26. (7)
In an effectively two flavor oscillation with a mixing angle
φ, the time-averaged oscillation probability is 1
2
sin22φ.
We can therefore use the estimates
0.45 < Patm < 0.5, (8)
0.355 < Psol < 0.455, (9)
P13 ≤ 0.13 (10)
in our analysis [20]. Finally, the recent WMAP result
puts [21] an upper bound on the sum of the physical
masses of stable light neutrinos that mix among one an-
other, namely
∑
i
mi < 0.71 eV. (11)
A constraint, therefore, on any model is that there must
be at least three light neutrinos with the sum of their
masses not exceeding 0.71 eV.
It has been argued by Pierce and Murayama [22] that
the WMAP upper bound should include any light sterile
neutrino that mixes with the active ones. This mixing is,
of course, restricted to be rather small by the LEP con-
straint on invisible Z decay. A wide window for the ex-
istence of a sterile neutrino is nonetheless allowed by the
WMAP results. Suppose the active fraction of the sterile
neutrino is ǫ so that ǫ2 ∼ sin2(2θmix), yielding ǫ ≤ 10
−1.
3Such a neutrino would have decoupled in the early uni-
verse at a temperature T where G2FT
5ǫ2 ∼ T 2M−1Pl . This
temperature simply must be less than that of the QCD
phase transition in order to avoid the dilution of those
neutrinos by the entropy produced at this transition.
Thus ǫ must lie in the the range 10−6 < ǫ < 10−1. This
means that in most regions of the parameter space of the
models examined here, the summation in (11) includes
the contribution of light sterile neutrinos.
There are five parameters in the Dienes-Sarcevic (D-
S) model : the input Majorana masses m1,2,3 for the
three neutrinos on the brane, the universal brane-bulk
off-diagonal coupling m and the radius of the compact
extra dimension R. For the present study we can set
all mass scales in eV and R in eV−1. Let us also com-
ment on the infinite number of sterile neutrinos in the
model. There are, of course, certain limiting regions of
the D-S parameter space when all the sterile neutrinos
are sufficiently heavy to be effectively decoupled from
the phenomena leading to (3) - (11). There are other re-
gions where one or more sterile states can become part of
the light neutrino spectrum. The existence of such light
sterile neutrinos is already somewhat disfavored [23] by
analyses of existing neutrino data. Though the situation
is far from definite, results from the ongoing mini-Boone
experiment are expected to provide a clearer conclusion.
At the moment, several light sterile neutrinos can still be
accommodated.
We now come to a numerical investigation of the D-S
model in the five-dimensional parameter space (m1, m2,
m3, m, R
−1). An initial requirement is that there must
be at least three light neutrinos with the sum of their
masses obeying (11). Thus those regions of the parame-
ter space, which are not consistent with this constraint,
are immediately excluded. We attribute the masses µ1,2,3
to the physical light neutrinos, always ordered [24] such
that µ3 > µ2 > µ1. The conditions (3) and (5) then
apply on the pertinent differences of squared mass eigen-
values. After employing these conditions, we have made
a complete scan of the parameter space. Our quest is
to determine if there is any region in which all the other
constraints, i.e. (7) to (11), can be satisfied. Our answer
is in the negative, i.e. there is no point in the parameter
space where all the four conditions can hold simultane-
ously. As will be shown below, there are parts of the
parameter space where (8), (10) and (11) can be simulta-
neously satisfied. Similarly, there are other regions where
the conditions of (9), (10) and (11) can be met. But these
two sets of points do not overlap. Our conclusion is that
the D-S model is ruled out by the data.
From practical considerations in making our scan, we
have taken the number of contributing KK states N in (2)
to be finite though there actually are an infinite number
of states in the KK tower. We choose N = 40 but have
checked that varying this truncation affects our results
negligibly. Furthermore, the choice of parameters in our
numerical scanning was dictated by the eigenvalues of the
mass-matrix (1), as described below. Consider, for the
moment, the possibility of flavor dependent couplings for
the brane neutrinos, leading to off-diagonal elements m′i
ofM. The eigenvalues ofM are then determined by the
characteristic equation
1
π
tan(πλ) =
3∑
i=1
m′2i R
2
λ−miR
. (12)
Here, λ = µR and µ represents the eigenvalues. Let us
also define d2 ≡ R2(
∑3
i=1m
′
i
2
) so that m′iR = dei, where∑3
i=1 e
2
i = 1. The two zeros of
r(λ) ≡
3∑
i=1
e2i
λ−miR
(13)
are given in the limit m′1 = m
′
2 = m
′
3 = m (i.e., e1 =
e2 = e3 = e) by
λb,c
R
= µb,c =
1
2
(p∓ c),
p = 2e2(m1 +m2 +m3),
c = [p2 − 4e2(m2m3 +m3m1 +m1m2)]
1/2
. (14)
It has been shown in Ref. [8] that, as d increases, two
of the eigenvalues move towards µb and µc whereas the
other eigenvalues move towards half-integral values times
R−1. For d ≫ 1, the two eigenvalues sit at µb and µc
(independent of R), while the rest are fixed at those half-
integer values times R−1. We have verified this property
numerically. We have thus not included large values of
m (mR = de) in our numerical scanning of the param-
eter space, since that would not allow for two different
mass squared differences as required to explain both the
solar and the atmospheric neutrino deficits. The other
significant constraint on the range of m1,2,3 is (11). Let
us now consider variations in the radius of compactifi-
cation R. One should note first that, so long as the di-
mensionless products m1R, m2R, m3R and mR remain
the same, one would get the same time-averaged oscil-
lation probabilities. We have further checked that, for
a fixed set of (m1,m2,m3 and m), our conclusions do
not change with the variation in R permitted by the con-
straints given in (3), (5) and (11). This way R can be
seen to be constrained in the range aproximately given
by 10−6 eV−1 <∼R
<
∼ 10 eV
−1.
In our convention [24], ∆m2sol = µ
2
2−µ
2
1 and ∆m
2
atm =
µ23 − µ
2
2, for a normal ordering of neutrino masses, while
∆m2sol = µ
2
3 − µ
2
2 and ∆m
2
atm = µ
2
2 − µ
2
1 in the case of
an inverted ordering. Allowed regions, in the m1 − m3
plane for the choice of R−1 = 1 eV, are shown in Figs. 1
(a) and (b). The incompatibility of the D–S model with
the presently known facts from neutrino oscillation and
cosmological data is made evident by these figures. In
both figures m1, m2 and m3 are taken to vary between
0.001 eV and 0.31 eV, whereas m is varied between 0.001
eV and 0.075 eV. Though, in the inverted case, a few
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FIG. 1: Allowed regions in the m1 and m3 plane for (a) the normal ordering and (b) the inverted ordering of neutrino masses.
Choices of parameters are described in the text.
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FIG. 2: Time-averaged oscillation probability (a) Patm (in
Blue/star) and (b) Psol (in orange/triangle) for the inverted
ordering of neutrino masses as a function of m3. Only
those points are considered here which satisfy for (a) the So-
lar+CHOOZ and for (b) Atmospheric + CHOOZ constraints.
points satisfying the conditions of (9), (10) do lie close
to the points satisfying (8), (10), in fact there is not a
single point in the five-dimensional parameter space of
(m1,m2,m3,m,R
−1) which is compatible with all the
constraints. To further convince the reader, we display
in Fig. 2 the time-averaged oscillation probability (a)
Patm and (b) Psol as a function of m3 in the inverted
case for all points shown in Fig.1. Clearly, there is no
consistent region of parameter space. We have checked
that this holds as R is varied in the range given above.
Next, we consider the model of Lam [9] which requires
a sterile neutrino (with a Majorana mass m4) on the
brane in addition to three active neutrinos. In the limit of
large coupling between the brane neutrinos and the bulk
(i.e., d ≫ miR ,1) one can have three “isolated” eigen-
values which can give rise to two different ∆m2, whereas
the other eigenvalues sit at half-integer values. Following
Lam, we also arrange the Majorana masses of the brane
neutrinos in such a way that
0 < m1 < µ1 < m2 < µ2 < m3 < µ3 < m4, (15)
where µi are the isolated eigenvalues. Furthermore, we
assume that the miR do not have integral or half-integral
values. We take a flavor-blind brane-bulk coupling m as
in the earlier scenario. After a thourough scan in the
parameter space with the above mentioned constraint in
(15), we find that although in some part of the parameter
space it is possible to satisfy the constraints in (3) and
(5), there is no region where both the constraints in (8)
and (9) can be satisfied either with a normal or with an
inverted ordering of the neutrino masses.
In summary, we are able to exclude the Dienes-Sarcevic
model [7] and that version of Lam’s model [9] which has
flavor blind off-diagonal mass terms, by using all neutrino
oscillation data and the WMAP constraint on the sum of
neutrino masses. Extra dimensional models of neutrino
5masses and mixing angles need flavor dependent brane-
bulk couplings.
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